We consider shallow elastic membrane caps that are rotationally symmetric in their undeformed state, and investigate their deformation under small uniform vertical pressure and a given boundary stress or boundary displacement.
Abstract.
We consider shallow elastic membrane caps that are rotationally symmetric in their undeformed state, and investigate their deformation under small uniform vertical pressure and a given boundary stress or boundary displacement.
To do this we use the small-strain theory developed by Bromberg and Stoker, Reissner, and Dickey We deal with the two-parameter family of membranes whose undeformed configuration is given in cylindrical coordinates as z{x) = C(l -x7),
which includes the spherical cap as a special case (7 = 2 and C small). We show that if 7 > 4/3 then a circularly symmetric deformation is possible for any positive boundary stress (or any boundary displacement) and any positive pressure, but if 1 < 7 < 4/3 then no circularly symmetric deformation is possible if the stress and pressure are positive and small (or for non-positive boundary displacement and small positive pressure).
1. Introduction. This study addresses how an elastic membrane cap deforms under the influence of particular stress and body force. We show, among other things, that under certain conditions a cap that is initially rotationally symmetric will fail to have a symmetric configuration after deformation.
To be specific, we consider an elastic membrane cap that is shallow (that is, nearly flat) and rotationally symmetric in its undeformed state (or reference configuration), and then investigate the shape that the cap takes on when radial stress is applied on the boundary and a small uniform vertical pressure P is applied to the membrane. We use the small-strain, small-pressure theory developed by Bromberg and Stoker [2] , Reissner [15] , and Dickey [5, 6] (a generalization to curved membranes of the Foppl theory for plane membranes), which allows for large displacements of the membrane.
Dickey [5, 6, 7] showed that under the assumptions of small strain and small pressure, the radial stress <7r on a membrane whose undeformed profile is given in cylindrical coordinates by z = z{r) is determined by the following equation:
dr2<Jr ' dr"r 2 \dr") ' drv ^' ar 2 crr where r is the radial variable; E is Young's modulus; i/ is the Poisson ratio, 0 < < 1/2; and G is given by
with h the thickness of the membrane and P(r) the applied pressure.
For simplicity we will assume that P(r) = P a constant and that the undeformed surface has the form
where a is the radius of the cap, C > 0 is the height at the center of the cap, and 7 > 1. We work with this family of caps because it is of a sufficiently simple and specific form to allow us to analyze the deformation, but it is general enough that we will be able to use it to demonstrate that even convex caps that can be described in a fairly simple way may, under the influence of rotationally symmetric pressure and boundary stress, fail to deform symmetrically. In addition, if 7 = 2 and C is small, (4) approximates the shape of a section of a sphere, as Dickey [7] showed. This spherical-cap case with v = 0 is a well-known problem, which has been studied by Reissner [15] , Baxley [1] , and Goldberg [10] .
It is convenient to introduce the notation x = r/a;
r. / EP2a2 \ 1/3 K=\n^) ;
Sr(x) =
In this new notation and with the added assumption that v -C 1/2, (2) becomes (see [7] )
x25" + 3xS'r -^-x27-2 + ^=0
(where ' means ^). We will write (9) as
Regularity of this equation at the origin requires lim x'3S'r(x) = 0,
x->0
and we also assume that Sr(0) is finite. Given a solution Sr to (10) , one can then calculate the actual shape of the membrane using USr{x) = x(xS'r + Sr),
/ J X WSr(x)= I ±-dt,
Ofwhere U is the radial displacement of the membrane and W is the vertical displacement [7] -
We can now specify two problems of interest. In the first the stress at the boundary is specified: Sr(l) = S; (14) and in the other the radial displacement at the boundary is specified:
We will call the former the stress problem and the latter the displacement problem. We will deal with the stress problem first, and then use that solution to address the displacement problem.
Several special cases have already been investigated. Callegari and Reiss [3] ; Callegari, Keller, and Reiss [4] ; Dickey [8] ; Weinitschke [16] ; and Hencky [11] considered the plane membrane (C -0); in [3] Callegari and Reiss showed that for the plane membrane, the stress problem always has a solution for S > 0, as does the displacement problem for r = 0 (the fixed-boundary case). Baxley [1] proved that for the spherical cap also, the displacement problem with T -0 has a solution.
Dickey [7] showed that for general 7 > 1 and C > 0, the stress problem has a solution if S is large, and the displacement problem with T = 0 has a solution if the pressure P is large. He also investigated in detail the case 7 = 4/3, and showed that if P is large then the stress problem has a solution for all 5" > 0 and the displacement problem has a solution for all T; but that if P is small, the stress problem has a solution only for S large and the displacement problem has a solution only for T large.
In this study we find that 7 = 4/3 is in fact a boundary case. Specifically, if 7 > 4/3, then the stress problem and displacement problem have solutions regardless of the value of P (Theorems 2.5 and 3.2); but if 1 < 7 < 4/3, then the stress [or displacement] problem has no solution if P is small and S is small (Theorem 2.4) [or F is nonpositive (Theorem 3.3)]. The nonexistence result is perhaps most important, since it says that there is an entire family of membranes that will fail to deform symmetrically if they are subjected to small pressure and small stretching at the boundary. A nonsymmetric deformation presumably means that the membrane develops wrinkles; if this is so, we can interpret the nonexistence of a solution qualitatively to mean that the membrane will wrinkle if it is not stretched out enough by pressure or boundary stress to pull out the wrinkles. Section 2 of this paper presents results for the stress problem, and Section 3 applies these to derive corresponding results for the displacement problem.
The stress problem.
In this section we show existence of solutions to the stress problem for all values of S > 0 if 7 > 4/3, and we show that for 1 < 7 < 4/3 no solution exists if A is sufficiently large (the pressure P is sufficiently small) and S is sufficiently small. To accomplish this we will use the method of shooting (cf. [13] ). Thus we consider the initial-value problem
where A > 0. (The case A -0 presents additional difficulties, which this paper does not address. It is also disputable whether A = 0 is physically reasonable.) We will often make the initial value explicit by writing w -w(x;A). We will say that a solution w of (16) 
Similarly we can obtain w(x) = A+^~r~-T\x27 2 +o(x2^ 2) if 7 < 2; 87(7 -1)
A~ 6^x2 + °^ if 7 >2.
We can prove in a manner similar to that of Callegari and Reiss [3] (see Johnson [12] ) that despite the singularity at 0, solutions to (16) exist near 0 and are unique, and that w(x; A) and w' (x; A) are continuous functions of A. We can also show that solutions of (16) By continuity of the solutions, w(x) > w(x) for x sufficiently small. Suppose there exists x* such that w(x*) -w(x*) and w(x) > w(x) for x < x*. Then
which is a contradiction.
So w(x) > w(x) for all x. We can also show that if 7 > 2 and w(x; A) is a solution of (16) with A < then w is a decreasing function of x on any subset of (0,1] on which it exists. From (17),
Since 27 -1 > 3, for x positive but small the second term in the integrand is dominant and so w'(x) < 0. Suppose there exists 0 < x* < 1 such that w'(x*) = 0 and w'(x) < 0 for every 0 < x < x*. Then for every such x, w(x) < ^; so
Hence w'(x*) < 0, which is a contradiction.
Lemma 2.1. w(x\A) > A/2 for 0 < x < (2A)3/2. The proof is in Appendix A.
At this point we have shown continuity of solutions of (16) in A and have also established the existence of arbitrarily large solutions. Together these imply that given a solution w(-;A) that exists at x*, for every y > w(x*) there exists A > A such that w(x*;A) -y. Put simply, we can always find solutions above any given solution. We will call this the "rising property" of problem (16) . It means that, as long as there is some A such that w(x; A) exists at x -1, the stress problem will have a solution for all S > u>(l; A). Again, the proof is in Appendix A.
With the addition of this lemma we can say that if there exists a solution with a zero at x < 1, then we can choose A so as to hit any desired nonnegative value at x = 1. In other words, in this case the stress problem has a solution for all S > 0. On the other hand, if solutions of (16) have a positive lower bound at x -1, independent of A, then the stress problem has no solution for S small.
We will need the following theorem, found in [14] . 
z2{b) < 71, 22(6) < 72, then we have the upper and lower bounds 22(2) +7i -22(6) < w(x) < 21(1) +71 -21(6),
If we define Proof. Let a be such that 27-2<a<2 -7. Let
A > A, and k 4(2 -7)(4 -7)' D efine z(x) = kxa. Then for 0 < x < 1, Now consider the case 4/3 < 7 < 2. Choose e such that 2 -^ < e < 2^ -2, which implies that e > 0. Let a = 27 -2 -e, and choose a positive sequence {An} with An -> 0.
Define zn(x) -An(xa + 1) and let wn(x) -w(x;An).
Using (18) and (19) and the fact that a > 27 -2 we can say that for every n there exists xn > 0 such that if 0 < x < xn then zn{x) > wn(x) and z'n(x) > w'n(x). In particular, since z'n(x) = aAraxQ-1, we see that z'n(x) > w'n(x) if Let us also obtain a lower bound on z" + H(x, zn, z'n). We compute 
which is satisfied for n sufficiently large if 1/(2 -7) > 1/e. In other words, if 2 -7 < e then for each n sufficiently large there is a bn for which the hypotheses of the Max-min Principle are satisfied. Note that we also need a > 0 in our calculations above, which imposes the restriction e < 27 -2.
So we conclude that for n sufficiently large, there exists a bn such that wn(x) < zn{x) on [bn, 1] by the Max-min Principle. In particular, we can say that for n large, w"(l) < 2An. But An -* 0, and so this combined with the rising property of (16) implies that the stress problem has a solution for any given boundary stress S > 0. □ 3. The displacement problem. We now address the displacement problem, making use of the existence for the stress problem established by Theorems 2.4 and 2.5. Since the expression (13) for the displacement of the membrane involves S'r, we first need the following lemma to establish the behavior of S'r. Lemma 3.1. Let {Sn} be a positive sequence with Sn -* 0 as n -* oo, and suppose for each n there exists a solution wn to the problem
Wn(l) = sn.
Then w'n(l) -► -oo asn-> oo. The proof of this lemma is rather technical and is in the Appendix. Proof. We again want to use shooting; specifically, we wish to find A such that Uw(.-a)( 1) = T* (where U is as given in (12)). If we consider a sequence {Sn} with Sn 6 R+ for all n and Sn -> 0, then Theorem 2.5 implies that there exists a solution 5™(x) to the boundary-value problem
lim x3Sr'(x) = 0, (54b)
If we let An = S™(0), then 5'" als° satisfies the initial-value problem
By Lemma 3.1,
Now let {An} be a sequence with An -> 00, and let uin be the sequence of solutions to the problem
wn ( 
(as in the proof of Theorem 2.4), and also
which means that if T < 0 then the displacement problem has no solution. □ Thus for 1 < 7 < 4/3, if A is large (pressure P is small), the boundary of the membrane must be stretched out from its original position in order for a rotationally symmetric solution to exist.
A. Appendix.
Here we present proofs of some of the more technical lemmas. Proof of Lemma 2. 
x->0 so for x sufficiently small, w(x) < 6(x). If w(x*) < 8{x*) and w{x) < 6(x) for all x < x* then w'ix") = ^l i («4)" ^5)is <
If w{x*) < S(x*) and there exists 0 < x < x* such that w(x) > 6(x), then let X\ = sup {x : w(x) = S(x)}.
X<X* By continuity of w and 6, x\ < x*. Notice also that since w(x) < 6(x) for x > x\, w'(x 1) < 8'{x\) < 0. So
So again we can define f(x) = 6(x). Now consider the case 7 < 2. Here lim 6(x) = 0;
x-^0 so for A > 0 and x small, w(x\A) > 6(x). Let us pick x and y such that y < S(x). Suppose for some A, w -w(•; A) is a solution to (16) passing through (x, y), and suppose w'{x) > 0. Now we claim that if for some x, w(x; A) < 6{x) and w'(x; A) < 0, then w'(x; A) < 0 for every x > x where the solution exists. To show this, suppose X\ > x,w'(x\, A) -0, and w'(x;A) < 0 for every x € [x, Xi). Then we can bound w'(x\;A) as we bounded w'(x*) in (71) to show that w'(x\ ;A) < 0, which is a contradiction.
By the claim above, if here we define x\ such that 6{x\) = y, then w'(x) > 0 for every x\ < x < x. Now This expression goes to -00 as Sn -* 0 (that is, as n -» 00). This is a contradiction to the original assumption (Al). □
